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Experimental measurements of static pressure ahead of normal surface
Figure 2 presents experimental measurements of the static

pressure ahead of the normal surface for four different nozzle-to-
normal-surface spacings. In Fig. 2 experimental data ahead of
the normal surface are superimposed on static pressure experi-
mental data without the normal surface in the freejet flowfield.
The distance of influence ahead of the normal surface is obtained
directly from these experimental data. This extent of influence
is referred to as the standoff distance. Figure 3 presents the
standoff experimental results vs Y/D position of the normal
surface. Two distinct regions of standoff exist in Fig. 3. A percent
standoff of approximately 28% exists for freejet impingement
onto the normal surface while for close nozzle-to-normal-surface
spacing the Coanda effect generates a rather linear increase in
percent standoff with decrease in Y/D position. Figure 3 also
presents experimental data related to the lateral limit of jet
influence on the normal surface. This lateral limit of influence
is taken as the point on the normal surface where the static
pressure is equal to the atmospheric pressure. Two values exist
for the lateral jet influence at Y/D = 4.31 due to the existence
of the base region Coanda effect.

Conclusions

The standoff distance experimental results presented in Fig. 3
deviate from Shauer and Eustis6 theory by approximately 3%.
This is not surprising as the Shauer and Eustis theory was
developed for incompressible flow. Wolfshtein7 assumed a value
of 33% for standoff in his incompressible model of the impinge-
ment region. This value deviates from these experimental data
by approximately 5%. A standoff percentage of approximately
28% is indicated for Y/D positions greater than 35. A more
detailed presentation and discussion of the results related to this
experimental investigation may be found in Ref. 11.
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Finite Deflection of a Deep Arch with
Boundary Imperfections

ARUP CHATTOPADHYAY* AND GURBACHAN DHATT|
Civil Engineering Department, Laval University, Quebec

THE nonlinear behavior of deep arches has recently received
considerable attention. Huddleston,1 DaDeppo and

Schmidt,2 and Sharifi and Popov3 have applied various tech-
niques to study the finite deflection behavior of these structures.
However, the effects of imperfect boundary conditions on the
buckling loads do not seem to have been studied except by
Bolotin.4 The purpose of this Note is to analyze the nonlinear
symmetrical and unsymmetrical buckling of deep arches with
symmetrical boundary imperfections which are simulated by
attaching a rotational spring at the support. The spring stiffness
is varied to obtain the hinged, clamped, or intermediate boundary
conditions. The experience obtained by studying this buckling
phenomena can be usefully employed for the analysis of deep
shells which is presently under way.

Formulation

The displacements u and vv of a point of arch are defined along
the surface coordinates s and z, respectively (Fig. 1). The strain
displacement relations for thin arches are specialized as follows:

em = du/ds + w/R + fi2/2; eb =
and

p = ii/R-d\v/ds
The total potential energy is

(1)
2) (2)

and

p is the applied normal load and A is the magnitude factor.
The imperfect boundary constraints are introduced by the spring
mechanism represented by the last term in Eq. (2). Kt is the
rotational spring stiffness and /?. is the rotation at a point st of the
arch. The summation sign indicates the possibility of various
rotational springs along the center line of the arch.

The displacements u and w over an element are each approxi-
mated by a cubic polynomial. The element stiffness matrix (8 x 8)
and the consistent load vector are obtained in a routine manner
by minimizing n in Eq. (2). The resulting nonlinear equations
are solved by the Newton-Raphson method with a modification
for changing the role of dependent and independent variables.
The unsymmetrical bifurcations for symmetrical loading (if it
exists) are initiated by giving a finite perturbation to the zero
value of the slope at the symmetry point of the complete arch.
The complete unsymmetric path may then be traced by the
Newton-Raphson technique. The details of the numerical method
are given in Refs. 5 and 6.

Illustrative Examples

For convenience, the results in this section are presented in
nondimensional form in terms of the following parameters:
H = ®2R/h; Q = -(l2Q2R3p)/7i2Eh3; (u,w) = -(u,w)/e2R

(4)
K = K/l-K; f=Qcr(K}/Qcr(K=l); Hc= -(ejs = 0
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Table 1 Coefficients B, C, and Qcr(K = 1).
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Fig. 1 Buckling of deep arches.

where 0, R, h, and E are the semiangle, radius of curvature,
thickness, and modulus of elasticity, respectively. Q is the non-
dimensional load corresponding to the uniform normal pressure
p ; Qcr is the critical (symmetrical or unsymmetrical) load for a
given boundary constraint. The spring stiffness K, varying from 0
to infinity, is represented in terms of scaled stiffness K, which
varies from 0 to 1. Hc and wc are, respectively, the non-
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Fig. 2 Buckling loads due to boundary imperfections.

dimensional axial compression and displacement w at s = 0.
/ is the critical load factor corresponding to a value of K. All
the arches have unit width.

To verify the accuracy of the element, the buckling loads of a
hinged circular arch with a concentrated load at the center are
studied. The geometrical parameters are taken as:

R/h= 100; h=l; Q = 0.927295(rad); / - h3/l2
In the present study, the symmetrical critical load is obtained
(with 8 elements for half the arch) as 15.48 EI/R2, whereas, in
Refs. 1 and 3, it is found as 15.23 EI/R2 and 15.845 EI/R2.
The unsymmetrical critical load is obtained (with 16 elements for
the whole arch) as 13.04 EI/R2 and in Refs. 1, 2, and 3, it is
given as 13.01 EI/R2, 13.00 EI/R2, and 13.036 EI/R2. This shows
that the present element is quite reliable.

The load deflection relations for a deep arch having ^ = 100,
R/h = 100 under uniform normal load with hinged and clamped
boundary conditions are shown in Fig. 1. The pre- and post-
buckling configurations, corresponding to symmetrical snap-
through and unsymmetrical bifurcations for the hinged arch, are
represented by curves PH3, Ph2, Phi, and PHU. PHI, PH2,
and PH3 denote wc vs Q curves corresponding to three different
equilibrium paths for symmetrical deformations, whereas, PHU
denote the same for unsymmetrical deformation. Similar
relations for clamped arch are shown by curves PC (symmetrical)
and PCU (unsymmetrical). Surprisingly, the configurations
corresponding to PH2 and PH3 give critical loads higher than
those obtained for clamped arch PC. The curves PH2 and PH3
finally coincide with the curve PHI which gives a critical load
lower than that for a clamped arch, as expected. This peculiar
behavior of deep hinged arch has not been observed for shallow
arches. The explanation of this behavior is still under study.

The axial compression Hc is plotted against Q in Fig. 1
corresponding to the load displacement curves shown in the same
figure. It is observed that the thrust Hc decreases after sym-
metrical buckling, whereas it increases in case of unsymmetrical
buckling for both hinged and damped arches. The initiation of
instability is observed at points of slope discontinuities in Hc vs
Q curves.

The influence of intermediate boundary constraints represented
by different values of K (0 to 1) on the buckling load factor /
of the deep arches are shown in Fig. 2. Curves 1 and 2 give
symmetrical and unsymmetrical buckling loads for an arch with
\i = 100, R/h = 100. Curve 4 gives unsymmetrical buckling loads
for an arch with \i = 10, R/h =100. These curves may be
approximated analytically with less than 5% error by the relation

/= 1+ (£-!) e~c* (5)
The values of B and C and the buckling load for the clamped
arch, Qcr(K = 1 or K = oc) are given in Table 1.

The relation [Eq. (5)] may be usefully employed to obtain the
probabilistic buckling loads due to given probability distributions
for boundary imperfections. For example, if P(K) is the probability
density for K, the probability density for / is given by4

P(f) = P(K)/(df/dK) (6)

Concluding Remarks

Deep strain displacement relations should be employed for
nonlinear analysis of deep arches by the finite element method.
Different symmetrical equilibrium paths PHI, PH2, PH3 are
obtained for deep hinged arch which are not observed in
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shallow arches. The Q vs vvc curves remain almost flat for deep
arches in the initial post-buckling region. However, the
magnitude of wc still remains very small. The buckling load is
very sensitive to imperfections in hinged conditions and is almost
insensitive to realistic clamped imperfections. A probabilistic
estimate of buckling loads may be made by using the results of
Fig. 2 and the expression (6) for a given probability density of
boundary imperfections.
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Variation of the Van Driest Damping
Parameter with Mass Transfer

TUNCER CEBECI*
California State University, Long Beach, Calif.

Introduction

CURRENTLY there are several prediction methods based on
the eddy viscosity concept for calculating turbulent boundary

layers. In these methods the boundary layer is regarded as a
composite layer consisting of inner and outer regions and
separate expressions are used for eddy viscosity in each region.
A popular eddy viscosity expression for the inner region is
based on Prandtl's mixing length theory with a modification
suggested by Van Driest,1 namely,

s = (Ky}2[\-e*v(-y/A)\2\du/dy\ = L2\du/dy\ (1)
where

(2a)
(2b)

and A+ is an empirical constant equal to 26.
The outer viscosity formula is

s = 001.8,* (3)
The right-hand side of (3) is sometimes multiplied by Klebanoffs
intermittency factor2 y to account for the intermittent character
of the turbulent boundary layer. In (3), dk* is a kinematic dis-
placement thickness given by

Commonly accepted values for K and a vary between 0.40-0.41
and 0.016-0.0168, respectively. With these constants the above
eddy-viscosity distribution fits well to the incompressible flat-
plate data of Klebanoff,2 and provides good agreement with
experiment when used in the solution of the boundary layer
equations. On the other hand, when the same eddy-viscosity
formulation is used to calculate turbulent boundary layers with
mass transfer, calculations show poor agreement with experiment
and indicate the need for modification of the formulation.

Most of the attempts made to modify (1) and (3) for mass
transfer accept the universality of the parameters K and a in (1)
and in (3) and choose to adjust or modify only (2) in (1). A
recent study3 conducted by the present author shows that while
K: is a universal constant, a is not, and that at low Reynolds
numbers a varies with Reynolds number. However, in the present
study we restrict our attention to (2) and discuss its modification
to account for the mass transfer.

Variation of the Van Driest Damping Parameter A + with
Mass Transfer Velocity vw

 +

Consider an incompressible turbulent flow over a porous flat-
plate. The momentum equation is

u(du/dx) + v(du/dy) — (l/p) (dt/dy) (4)
where i = T, + it = jji(du/dy) —p(u'v'y. Close to the wall u is small
so that the first term can be neglected. Equation (4) then
becomes

vw(du/dy) = (l/p)(dr/dy) (5)
Integration of that equation and use of the boundary conditions
t(0) = TW, w(0) = 0, and the introduction of dimensionless
quantities u+ = U/UT and vw

+ = u/ur allows the resulting expres-
sion to be written as

Using the definition of eddy viscosity and the expression given
by (1), we can also write

x/pu2 = l/ul
2[v(du/dy) + I2(du/dy)2'] (7)

With the use of (7), we can write (6) as

where
L+ = fcy+[l — exp( — y+/A+)~] (9)

Before (8) can be solved it is necessary to know vw
+ and A + .

Since vw
+ = (vw/ue)(2/cf)1/2, we can determine vw

+ for a specified
vjue provided that cf is known. Here we obtain cf from the
law of the wall and the law of the wake expression of Coles4

generalized
up

+ = (\/K)\ny+ +c + (n/K)w(y/<5) (10)
where

According to Coles's recent paper,4 Eq. (10) fits the available
experimental data very well. As in flows with no mass transfer,
for zero pressure gradient flows, the profile parameter H is a
function of Reynolds number for values of Re < 5000. The
parameters c0 and K in (11) are universal constants with values of
5.0 and 10.805, respectively. It can be shown that for zero mass
transfer, (10) reduces to Coles's previous expression, that is
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To obtain the local skin-friction coefficient from (10), we evaluate
that expression at y = S; this gives

where vw = vjue, z = (2/cf)l/2, S+ = dujv.


